























ESSENTIAL DIMENSION OF SEMISIMPLE GROUPS OF TYPE B
SANGHOON BAEK, YEONGJONG KIM
Abstract. We determine the essential dimension of an arbitrary semisimple group
of type B of the form
G =
(
Spin(2n1 + 1)× · · · × Spin(2nm + 1)
)
/µ
over a field of characteristic 0, for all n1, . . . , nm ≥ 7, and a central subgroup µ of
Spin(2n1 +1)× · · · ×Spin(2nm +1) not containing the center of Spin(2ni +1) as
a direct factor. We also find the essential dimension of G for each of the following
cases, where either ni = 1 for all i or m = 2, n1 = 1, 2 ≤ n2 ≤ 3, µ is the diagonal
central subgroup for both cases.
1. Introduction
The essential dimension, introduced by Buhler and Reichstein in [3], is a numerical
invariant which measures the complexity of torsors under an algebraic group over a
field. More precisely, given an algebraic group G over a field F , consider the Galois
cohomology functor
H1(−, G) : FieldsF → Sets ,
which sends a field extension K over F from the category FieldsF of field extensions
of F to the set H1(K,G) of isomorphism classes of G-torsors over Spec(K) in the
category of sets. The essential dimension ed(η) of a G-torsor η ∈ H1(K,G) is defined
by the minimal transcendental degree of an intermediate field F ⊂ L ⊂ K such that
η lies in the image of H1(L,G) → H1(K,G). The essential dimension of G, denoted
ed(G), is defined by the maximal value of ed(η), where the maximum ranges over all
field extensions K/F and all η ∈ H1(K,G). Indeed, the notion of essential dimension
can be defined for any algebraic structure given by a functor from FieldsF to Sets and
naturally extended to the categories fibered in groupoids [2, 13].
In general, the accurate computation of the essential dimension of G is a chal-
lenging problem. Even when G is a semisimple group of a certain Dynkin type, the
complexities of the corresponding torsors differ considerably depending on the central
isogenies of G. For instance, by Hilbert theorem 90 the essential dimension of SL(n)
is trivial for any n ≥ 2, but on the other hand the essential dimension of the corre-
sponding adjoint group PGL(n) is at least 2 for any n and indeed the computation of
ed(PGL(n)) remains a major open problem. Similarly, it is known that the essential
dimension of the special orthogonal group SO(n) is equal to n − 1 over a field of
characteristic different from 2 for any n ≥ 3 [17], but on the other hand the essential
dimension of its simply connected cover Spin(n) grows exponentially with n [4].
1
2 S. BAEK, Y. KIM
The spin group Spin(n), i.e., a split simply connected group of type B or D,
has been of particular interest to the research on the essential dimension and indeed,
except for obvious cases, such groups are almost unique simple groups whose essential
dimensions are completely calculated. The computation of the essential dimension of
Spin(n) is divided into two parts, n ≥ 15 and 7 ≤ n ≤ 14 depending on the generic
freeness of the corresponding (half-)spin representation of Spin(n) (see Section 3).
Assume n ≥ 15. In [4], the essential dimension ed(Spin(n)) over a field of charac-
teristic 0 was first computed by Brosnan, Reichstein, and Vistoli in the case where
n is not divisible 4. The remaining cases (n is divisible by 4) were completed by
Chernousov and Merkurev [5]. Recently, Garibaldi, Guralnick and Totaro showed
that these results also hold over an arbitrary field in [10] (the case of characteristic
not 2) and in [23] (the case of characteristic 2). For 7 ≤ n ≤ 14, the essential di-
mension ed(Spin(n)) was computed based on a case-by-case analysis by Rost and
Garibaldi over a field of characteristic not 2 [9]. Totaro also showed that the same
result holds over a field of characteristic 2 in the case where 7 ≤ n ≤ 10 [23].
In view of the successful computation of the essential dimension of spin groups,
it is natural to ask whether this result can be extended to semisimple groups (not
necessarily simple), i.e., we propose to consider an arbitrary semisimple group
G =
(
Spin(l1)× · · · × Spin(lm)
)
/µ
of types B and D, where µ is a central subgroup of Spin(l1) × · · · × Spin(lm). In
the present paper we prove that the essential dimension of a semisimple group G of
type B (with li ≥ 15 odd) is determined by the minimal sum of the tensor products
of spin representations of Spin(li), where the tensor product is taken over a basis of
the subgroup given by µ, and consequently we compute its essential dimension (see
Theorem 2.4). We also compute the essential dimension of each of the following three
groups
(1) G = Spin(3)m/µ, (Spin(3)× Spin(5))/µ, (Spin(3)× Spin(7))/µ,
where µ is the diagonal central subgroup in each case (see Propositions 5.4 and
5.9), which can be viewed as the simplest cases of semisimple groups of type B
whose essential dimensions are not covered by our main theorem. By adopting a
similar approach, together with Lemma 5.7 and Lemma 5.8, we expect that the
computation of the essential dimension of an arbitrary semisimple group of type B
can be completed. In particular, our methods developed in this paper are directly
applicable to the case of a semisimple group of type D (see Remark 3.9), which will
be treated in a sequel paper. We also remark that the essential dimension of the
quotient of a product of general linear groups by a central subgroup was studied in
[6].
This paper is structured as follows. In the following section, we first begin with
a simple result on the essential dimension of a direct product of simply connected
groups of types B and D and then we present our main results providing the essential
dimension of a general semisimple group of type B. In Sections 3 and 4, we prove
our main results, establishing upper and lower bounds on the proofs. In the last
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section we compute the essential dimension of the groups in (1). We also provide
lower bounds on the essential dimension of quotients of small groups by the maximal
central subgroups in Lemma 5.7 and Lemma 5.8.
In the sequel we shall use the following notation. Unless explicitly stated otherwise,
the base field F is assumed to have characteristic zero (indeed, the characteristic 0
assumption is necessary for Propositions 3.2 and 3.6 in Section 3). We write µn
and Gm for the group of nth roots of unity and the multiplicative group over F ,
respectively. For an algebraic group G we denote by Z(G) and G∗ the center of
G and the character group of G, respectively. We shall write 〈a1, . . . , an〉 for the
diagonal quadratic form a1x
2
1 + · · · + anx
2
n. We denote by (a, b) the quaternion F -
algebra generated by {1, i, j, k} with the relations i2 = a, j2 = b, ij = k = −ji for
some a, b ∈ F×. We denote by [n] the set {1, 2, . . . , n}. Finally, we write Br(F ) for
the Brauer group of F . Given a central simple F -algebra A, we write ind(A) for the
degree of the unique division algebra of the class of A in Br(F ).
Acknowledgements. This work was supported by Samsung Science and Technology
Foundation under Project Number SSTF-BA1901-02.
2. Main results











for some index sets I and J , where µ is a central subgroup not containing the center
of Spin(2ni + 1) as a direct factor for any i ∈ I. We call a semisimple group of type
B reduced if the set J in (2) is empty (i.e., it does not contain SO(2nj + 1) factors).
In this paper, we shall focus on the essential dimension of reduced semisimple groups
of type B.
The essential dimension of a direct product of spin groups is determined by the sum
of its direct components. The proof is a simple extension of the proof of [4, Theorem
3-3].
Proposition 2.1. Let Gi = Spin(ni) over F , where ni ≥ 15 is not divisible by 4 for














i=1 ed(Gi), thus it suffices to
prove the opposite inequality.
It follows by [4, (3-5)] that ed(Gi) = ed(∆(i)) − dim(Gi), where ∆(i) denotes the














4 S. BAEK, Y. KIM









i=1 ed(Gi) holds. 
Remark 2.2. Proposition 2.1 also holds if 3 ≤ ni ≤ 14 for all 1 ≤ i ≤ m, which can
be proved using Theorem 5.1.
Next, we show that the essential dimension of a semisimple group of type B given
as the quotient by a maximal central subgroup is determined by the tensor product of
spin representations as follows, which extends the preceding result on a direct product
of spin groups.
Proposition 2.3. Let G̃ =
∏m
i=1 Spin(2ni + 1) be a non-small semisimple group of
type B over F with ni ≥ 1, i.e., G̃ is not equal to one of the groups in (3), (4), (5),
and (6). Let G = G̃/µ, where µ is a maximal subgroup of Z(G̃) = (µ2)
m given by
the kernel of the product map (µ2)
m → µ2. Then,





where V is the tensor product of spin representations of G̃.
Proof. It follows by Corollary 3.4 and Proposition 4.4. 
Now we determine the essential dimension of an arbitrary reduced semisimple group
of type B, which generalize Propositions 2.1 and 2.3 to an arbitrary central subgroup.
Theorem 2.4. Let G = (
∏m
i=1Gi)/µ be a reduced semisimple group of type B over F ,
where Gi = Spin(2ni+1) and µ is a central subgroup such that for all i either ni ≥ 7




(Z/2Z)m whose quotient is the character group µ∗. For any r = (r1, . . . , rm) ∈ R,
we set V [r] =
⊗
i∈supp(r) V (i), where V (i) denotes the spin representation of Gi and

























where the minimum ranges over all bases B of R.
Proof. It follows by Corollary 3.7 and Proposition 4.4. 
We remark that our assumption on the integers ni in Theorem 2.4 can be slightly
generalized (See Remark 3.8).
A basis B of R in Theorem 2.4 is called minimal if it gives the essential dimension
of G. As the number of bases of R in Theorem 2.4 is finite, we can find a minimal basis
of R. However, in practice, one can use an efficient method called a greedy algorithm
[25, Lemma 1.8.3] as follows: For a nonzero element r ∈ R, the corresponding value
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∑
i∈supp(r) ni is called the weight of r. We enumerate all nonzero vectors r1, . . . , rN
with N = 2m−k − 1 so that the corresponding weights are in non-decreasing order.
Set B = ∅ initially and then add ri to B successively from i = 1 whenever B ∪ {ri}
is linearly independent. Then, we obtain a minimal basis B of R. For instance, we
have
Corollary 2.5. Let G = (
∏m
i=1 Spin(2ni+1))/µ, where m ≥ 2, ni ≥ 3 for all i, and










where nj is a minimum of all integers ni.
Proof. We may assume that n1 ≤ · · · ≤ nm. Applying the argument as above, we
obtain a minimal basis {(1, 1, 0, . . . , 0), (1, 0, 1, 0, . . . , 0), . . . , (1, 0, . . . , 0, 1)} of R. 
3. Upper bounds for semisimple groups of type B
Let G be an algebraic group over F acting on a finite dimensional vector space
V . We say that a subgroup H ⊂ G is a generic stabilizer (or a stabilizer in general
position) for the action if there is a dense open subset U of V such that the stabilizer
of any v ∈ U is conjugate to H . In particular, we say that the G-action on V is
generically free if the trivial subgroup of G is a generic stabilizer for this action.
Every generically free G-action yields an upper bound of the essential dimension of
G as follows.
Lemma 3.1. [17, Theorem 3.4],[2, Lemma 4.11] Let G be an algebraic group over F .
If G acts generically free on a vector space V over F , then ed(G) ≤ dim(V )−dim(G).
Consider a split simply connected semisimple group G̃ of type B over F of one of
the following:
Spin(2n+ 1), 1 ≤ n ≤ 6,(3)
Spin(3)× Spin(2n+ 1), 1 ≤ n ≤ 5, Spin(5)× Spin(5), Spin(5)× Spin(7),(4)
Spin(3)3, Spin(3)2 × Spin(5), Spin(3)2 × Spin(7),(5)
Spin(3)4.(6)
Such groups will be called small (otherwise called non-small). The generic free-
ness for quotients of non-small semisimple groups of type B by the maximal central
subgroups is proven as follows.
Proposition 3.2. [4, 8, 15] Let G̃ =
∏m
i=1 Spin(2ni + 1) be a non-small semisimple
group of type B over F with ni ≥ 1. Let G = G̃/µ, where µ is a maximal subgroup of
Z(G̃) = (µ2)
m given by the kernel of the product map (µ2)
m → µ2. Then, the action
of G on the tensor product
⊗m
i=1 V (i) of the spin representations V (i) of Spin(2ni+1)
is generically free.
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Proof. If G̃ = G is simple, the statement follows by [4, Lemma 3-7]. Now we assume
m ≥ 2. Let V =
⊗m
i=1 V (i) and let ρ : G̃ → GL(V ) be the tensor product repre-
sentation of G̃. By [8, Theorems 5, 6, Tables 5, 6] and [15, Theorem 1, Tables 0,
1], for every non-small G̃ the stabilizer subgroup S of v ∈ V in general position is
contained in Z(G̃). Hence, S = Ker(ρ) ⊂ Z(G̃). Therefore, by Schur’s lemma we
have Ker(ρ) = µ and the statement follows. 
Remark 3.3. Indeed, for non-simple small groups G̃, the identity component S◦ of
a generic stabilizer S in G = G̃/µ, where µ is the maximal central subgroup as in
Proposition 3.2, is given as follows [8, 15]:
G̃ S◦ G̃ S◦
Spin(3)× Spin(5) SL(2)2 Spin(5)× Spin(7) G2m




Spin(3)× Spin(9) Gm×SL(3) Spin(3)
2 × Spin(5) G2m
Spin(3)× Spin(11) 1 Spin(3)2 × Spin(7) 1
Spin(5)× Spin(5) SL(2)2 Spin(3)4 1
In cases where S◦ is trivial in the table above, the generic stabilizer S is isomorphic
to µ22. Note that for G̃ = Spin(3)× Spin(3) we have S = SL(2).
It follows by Lemma 3.1 that
Corollary 3.4. Let G = G̃/µ, where G̃ and µ are the groups defined as in Proposition
3.2. Then, ed(G) ≤ dim(V )−dim(G), where V =
⊗m
i=1 V (i) is the tensor product of
spin representations of G̃.
We shall need the following lemma.
Lemma 3.5. [16, Proposition 8] Let an algebraic group G over F act on finite di-
mensional vector spaces V and W . Let K ⊂ H ⊂ G be subgroups such that H is a
generic stabilizer for the G-action on V and K is a generic stabilizer for the H-action
on W . Then, K is a generic stabilizer for the G-action on V ⊕W .
We generalize the generically free action of a semisimple group of type B given as
the quotient by the maximal central subgroup in Poposition 3.2 to the quotient by
an arbitrary central subgroup.
Proposition 3.6. Let G = (
∏m
i=1Gi)/µ be a reduced semisimple group of type B
over F , where Gi = Spin(2ni + 1) and µ is a central subgroup such that for all i




∗ = (Z/2Z)m whose quotient is the character group µ∗. For any r =
(r1, . . . , rm) ∈ R, we set V [r] =
⊗
i∈supp(r) V (i), where supp(r) = {i ∈ [m] | ri 6= 0}
and V (i) denotes the spin representation of Gi. Then, G acts generically freely on
⊕
r∈B V [r] for any basis B of R.
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Proof. Let µ ≃ (µ2)











/R. Then, dimZ/2Z(R) = m− k.
Let {r[1], . . . , r[m− k]} be a basis of R. Then, we have




ai = 1, 1 ≤ p ≤ m− k},
where supp(r[p]) = {i ∈ [m] | (r[p])i 6= 0}.














where Gi = Spin(2ni + 1) and V (i) denotes the spin representation of Gi.
Let G̃ =
∏m
i=1Gi. We view each G[p] as a subgroup of G̃ and each µ[p] as a
subgroup of Z(G̃). If ν is a subgroup of Z(G̃), we define G̃ ⋆ ν to be a subgroup of G̃







for 1 ≤ p ≤ m− k. Then,
{1} = H [m− k] ⊂ H [m− k − 1] ⊂ · · · ⊂ H [2] ⊂ H [1] ⊂ H [0] := G.
Consider the H [p− 1]-action on V [p]:











where the first map is the projection and the second map φp is induced by the spin
representation of G[p]. Then, since by Proposition 3.2 and our assumption on G, the
quotient group G[p]/(G[p] ∩ µ[p]) acts generically freely on V [p], we see that H [p]
is a generic stabilizer of the H [p − 1]-action on V [p]. Therefore, by Lemma 3.5 we
conclude that G acts generically freely on
⊕m−k
p=1 V [p]. 
By Lemma 3.1, we obtain the following upper bounds for semisimple groups of type
B.
Corollary 3.7. Let G = (
∏m
i=1Gi)/µ and let V [r] =
⊗
i∈supp(r) V (i) for any r ∈ R,
where Gi, µ, R are the groups defined as in Proposition 3.6 and V (i) denotes the spin
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Remark 3.8. (1) In the proof of Proposition 3.6, we make use of our assuption that
ni ≥ 7 or ni ≥ 3 and Gi is not a direct factor of G to guarantee that the quotient
group G[p]/(G[p] ∩ µ[p]) acts generically freely on V [p]. Hence, the assumption can
be slightly relaxed by the following assumption that each G[p] is not small for a basis
B of R. Moreover, if B is a minimal basis, then the upper bound obtained from
Corollary 3.7 coincides with the lower bound obtained from Proposition 4.4. For
example, consider
G = Spin(3)× Spin(5)× Spin(7)× Spin(15)/〈(−1,−1, 1, 1), (−1, 1,−1, 1)〉.
Then, for a basis B = {(1, 1, 1, 0), (0, 0, 0, 1)} the groups Spin(3)×Spin(5)×Spin(7)
and Spin(15) are not small, thus ed(G) ≤ 53 by Corollary 3.7. Indeed, this upper
bound coincides with the lower bound of Proposition 4.4 so ed(G) = 53.
Remark 3.9. The underlying ideas of Proposition 3.6 is applicable to type D as
follows. Let G = (
∏m
i=1Gi)/µ, where Gi = Spin(2ni) with ni > 3 odd and µ is




∗ whose quotient is µ∗ and let B = {r[1], . . . , r[k]} be its





























where suppl(r[p]) = {i ∈ [m] | (r[p])i = l} for 1 ≤ l ≤ 3 and V±(i),W (i) are two half-
spin representations and the vector representation of Gi respectively. Then, the proof
of Proposition 3.6 shows that if G[p]/G[p]∩µ[p] acts generically freely on V [p] for all
p, then G acts generically freely on
⊕k
p=1 V [p]. Using [7, 8, 14, 15] one can check if
the faithful action of G[p]/(G[p] ∩ µ[p]) on V [p] is generically free. For instance, let
G be as above with R = 〈(1, 1, 0, . . . , 0), (1, 0, 1, 0, . . . , 0), . . . , (1, 0, . . . , 0, 1)〉. Then,
by [8, 15] G acts generically freely on
⊕m









4. Lower bounds for semisimple groups of type B
Consider an exact sequence of algebraic groups over F
1 → µ → G → H → 1,
where µ is a central subgroup of G such that µ ≃ (µp)
k for some prime p and k ≥ 1.





→ H2(F,Gm) = Br(F ),
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where Br(F ) denotes the Brauer group of F . For η ∈ H1(F,H), consider the homo-
morphism
φη : µ
∗ → Br(F ), χ 7→ χ∗(∂(η))
induced by (7). Then, we obtain
Theorem 4.1. [18, Theorem 4.1], [13, Theorems 6.1, 6.2] Let G be an algebraic group
over F and let µ be its central subgroup such that µ ≃ (µp)
k for some prime integer





where the minimum ranges over all bases B of µ∗.
To apply theorem to semisimple groups of type B, we shall need the following
lemma.
Lemma 4.2. For any n ≥ 1, there exist a field extension E/F and a (2n + 1)-
dimensional quadratic form q over E such that indC0(q) = 2
n, where C0(q) denotes
the even Clifford algebra of q.
Proof. We may assume that F is algebraically closed. Let q = 〈1, x1, . . . , x2n〉 over
E = F (x1, . . . , x2n), where x1, . . . , x2n are algebraically independent variables over F .
Then, we have
C0(q) ≃ (x1, x2)⊗ · · · ⊗ (x2n−1, x2n)
where each (xi, xi+1) denotes the quaternion algebra. As C0(q) is division E-algebra,
we have indC0(q) = 2
n. 
Corollary 4.3. Let G = (
∏m
i=1 Spin(2ni + 1))/µ over F , where µ is a central sub-
group, and let R be the subgroup of Z(
∏m
i=1 Spin(2ni+1))
∗ = (Z/2Z)m whose quotient
is the character group µ∗. Let H =
∏m
i=1 SO(2ni+1). Then, there exists an H-torsor
(q1, . . . , qm) over a field extension E/F such that the E-algebra
⊗m
i=1 riC0(qi) is divi-
sion for every nonzero r = (r1, . . . , rm) ∈ R.
Proof. It suffices to show that there exists an H-torsor (q1, . . . , qm) over a field ex-
tension E/F such that each E-algebra C0(qi) is division for every 1 ≤ i ≤ m and the
E-algebra
⊗m
i=1C0(qi) is division, which follows by Lemma 4.2. 
Now we obtain the lower bounds for the essential dimension of semisimple groups
of type B.
Proposition 4.4. Let Gi = Spin(2ni + 1) over F and let G = (
∏m
i=1Gi)/µ, where
µ is a central subgroup. Let R be the subgroup of Z(
∏m
i=1Gi)
∗ = (Z/2Z)m whose













where the minimum ranges over all bases B of R.
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→ G → H → 1,
where H =
∏m
i=1 SO(2ni + 1). Let η = (q1, . . . , qm) ∈ H
1(E,H) as in Corollary 4.3.























for any nonzero r = (r1, . . . , rm), thus the statement follows by Theorem 4.1. 
5. Small semisimple groups of type B
In this section, we consider the essential dimension of a semisimple group G of type
B which is not covered by Theorem 2.4. The quotients of small groups by the maximal
central subgroups as in Proposition 3.2 will be called small quotients. We first calcu-
late the essential dimension of the simplest cases of such G, namely, G = Spin(3)m/µ
for any m ≥ 1, where µ is the diagonal central subgroup of Spin(3)m (see Proposition
5.4). Secondly, we calculate the essential dimension of the smallest two remaining
small quotients, namely, G = (Spin(3) × Spin(5))/µ or (Spin(3) × Spin(7))/µ,
where µ is the diagonal central subgroup (see Proposition 5.9). Moreover, we provide
a lower bound of the essential dimension of every small quotient introduced in the
preceding section in Lemmas 5.7 and 5.8.
We shall use the following result to obtain lower bounds for essential dimensions
of groups mentioned above.
Theorem 5.1. [19, Theorem 7.8] Let G be a connected reductive group over F and let
H be a finite abelian group such that the centralizer CG(H) is finite. Then, ed(G) ≥
rank(H).
In order to find a finite abelian group of a small quotient, we consider the extraspe-
cial 2-subgroup ∆(n) of Spin(n) defined by the preimage of the group of diagonal
matrices D(n) of SO(n) under the natural homomorphism Spin(n) → SO(n) so that
we have an exact sequence
(8) 1 → µ2 → ∆(n)
π
→ D(n) → 1.
Let c(1), . . . , c(n) be the generators of the Clifford algebra of a split quadratic form
of rank n satisfying the relations
c(i)2 = −1, c(i)c(j) + c(j)c(i) = 0, 1 ≤ i 6= j ≤ n.
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For any subset I = {i1, . . . , ik} ⊂ [n] with an even number of elements i1 < · · · < ik,
we set c(I) = c(i1, . . . , ik) := c(i1) · · · c(ik) and c(∅) = 1. Then, we have
∆(n) = {±c(I)};
see [24, §1]. Moreover, the image of c(I) under π in (8) is the diagonal matrix d(I)
with −1’s in positions i1, . . . , ik and 1’s in other diagonal positions.
In general, the essential dimension of semisimple groups of type B can be bounded
by the essential dimension of the corresponding even Clifford groups as in the following
lemma, which can be viewed as a generalization of [5, Lemma 3.2].





/µ over F , where µ is a central subgroup






/µ, where Γ+(2ni + 1) denotes the even Clifford
group. Then, we have
ed(Gred) ≤ ed(G) ≤ ed(Gred) +m− rank(µ).







i=1 SO(2ni + 1)
// 1
1 // (Gm)
m/µ // Gred //
∏m
i=1 SO(2ni + 1)
// 1.
Then, this diagram induces an exact sequence
H1(K, (µ2)













By Lemma 5.3, the group H1(K, (µ2)
m/µ) acts transitively on the fibers of π. Hence,
as ed((µ2)
m/µ) = m− rank(µ), by [2, Proposition 1.13], the statement follows. 
Lemma 5.3. [12, §28] Let G be an algebraic group over F and let µ be a central
subgroup of G. Then, the group H1(G,µ) acts transitively on the fibers of the map
H1(K,G) → H1(K,G/µ) for any field extension K/F .
Now we present the first main result of this section.
Proposition 5.4. Let G = Spin(3)m/µ over F , where m ≥ 2 and µ is the diagonal
central subgroup of Spin(3)m. Then, we have ed(G) = m+ 1.
Proof. Let Gred = Γ
+(3)m/µ, where Γ+(3) denotes the even Clifford group. Then, by
[1, Lemma 6.1], for any field extension K/F we have
H1(K,Gred) = {(q, . . . , q) | q = 〈a, b, ab〉 for some a, b ∈ K
×}.
Hence, ed(Gred) = 2, thus, by Lemma 5.2 we obtain ed(G) ≤ m+1. The lower bound
follows by Lemma 5.5 below with n = 1. 
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Lemma 5.5. Let G = Spin(2n + 1)m/µ over F , where n ≥ 1, m ≥ 2 and µ is the
diagonal central subgroup of Spin(2n+ 1)m. Then, we have ed(G) ≥ m+ 2n− 1.
Proof. Consider the following subgroup
H ′ = {(±c(I), . . . ,±c(I)) | I ⊂ [2n+ 1], |I| is even}
of ∆(2n+1)m, where ∆(2n+1) denotes the extraspecial 2-subgroup of Spin(2n+1).
Then, |H ′| = 2m+2n. Let H = H ′/µ and let hl = (1, . . . , 1,−1, 1, . . . , 1), where −1 is

















Hence, H is abelian with rank(H) = m + 2n − 1. Since c(I) corresponds to the






(d(i, i+ 1), . . . , d(i, i+ 1))
)
of the centralizers consists of m-tuples of the diagonal matrices in SO(2n + 1), the
centralizer CG(H) is finite. Hence, by Theorem 5.1, we have ed(G) ≥ m + 2n − 1,
which completes the proof. 
Remark 5.6. The lower bounds in Lemma 5.5 are sharper than the lower bounds in






for the diagonal central subgroup µ of Spin(5)2.
Now we provide lower bounds for essential dimensions of all remaining small quo-
tients in the following two lemmas. Note that all of the lower bounds of small quo-
tients in (9) and Lemmas 5.7 and 5.8 are sharper than the lower bounds given by
Proposition 4.4.
Lemma 5.7. Let G = G̃/µ, where G̃ is one of the small groups in (4) and µ is its
central diagonal subgroup. Then, a lower bound for the essential dimension of G is
given by :
G̃ ed(G)
Spin(3)× Spin(5) ≥ 4
Spin(3)× Spin(7) ≥ 4
Spin(3)× Spin(9) ≥ 5
Spin(3)× Spin(11) ≥ 7
Spin(5)× Spin(7) ≥ 5
Proof. Let G̃ =
∏2
j=1 Spin(2nj + 1) be one of the small groups in (4) with n1 ≤ n2
and let Ḡ =
∏2
j=1 SO(2nj + 1) be the corresponding adjoint group. By (9), we may
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assume that n1 < n2. We set G = G̃/µ, where µ is the diagonal central subgroup.









∈ ∆(2n1 + 1)×∆(2n2 + 1)
for some subsets Iij ⊂ [2nj + 1] of even elements whose images in G generate a finite
abelian group H of rank l such that CG(H) is finite. Then, it follows by Theorem 5.1
that ed(G) ≥ l.





of the diagonal matrix d(I) becomes a block diagonal
matrix consisting of two blocks corresponding to the partition {I, [2nj + 1] − I} of
[2nj + 1]. Hence, in order to obtain a finite centralizer CG(H) we set
(11) I12 = {1, 3, . . . , 2 · 2⌈
n2
2
⌉ − 1}, Ii2 = {2i− 3, 2i− 2}







matrices in SO(2n2 + 1). Similarly, we set
(12)
I11 = {1, 3, . . . , 2 ·2⌈
n1
2
⌉−1}, Ik1 = {1, 2}, Ii1 = {2(i+n1−n2)−3, 2(i+n1−n2)−2}
for 2 ≤ k ≤ n2 − n1 + 2 and n2 − n1 + 3 ≤ i ≤ n2 + 1. Then, we see that the images
of h1, . . . hl given by (11) and (12) with l = n2 + 1 generate a finite abelian group
H in G with finite centralizer CG(H). These generators give the lower bounds for
G̃ = Spin(3)× Spin(7) or Spin(3)× Spin(9) in the statement.










in G, i.e., G̃ = Spin(3)×Spin(5) or Spin(3)×Spin(11),




to the set of generators (10). Finally,
if both n1, n2 > 1, i.e., G̃ = Spin(5) × Spin(7), then we add one more element
hl+1 :=
(
c(4, 4), c(5, 7)
)
to the set of generators (10), which completes the proof. 
Lemma 5.8. Let G = G̃/µ, where G̃ is one of the small groups in (5), (6) and µ is
its maximal central subgroup. Then, a lower bound for the essential dimension of G
is given by :
G̃ ed(G)
Spin(3)3 ≥ 3
Spin(3)2 × Spin(5) ≥ 4
Spin(3)2 × Spin(7) ≥ 5
Spin(3)4 ≥ 5
Proof. The proof is similar to the proof of Lemma 5.7. Let G̃ =
∏m
i=1 Spin(2ni+1) be
one of the small groups in (5), (6) and let Ḡ =
∏m
i=1 SO(2ni+1) be the corresponding
adjoint group. We set G = G̃/µ, where µ is the maximal central subgroup. We
provide below elements h1, . . . , hl in
∏m
i=1∆(2ni + 1) whose images h̄1, . . . , h̄l in G
generate a finite abelian group H of rank l such that CG(H) is finite. Then, by
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Theorem 5.1 we have ed(G) ≥ l. For 1 ≤ i ≤ l, we write di for the image of hi under
the map π in (8).
Case: m = 3. Then, µ = {(1, 1, 1), (−1,−1, 1), (1,−1,−1), (−1, 1,−1)}. For G̃ =
Spin(3)3, we set the generators h1, h2, h3 equal to
(








c(1, 2), 1, c(1, 2)
)
,
respectively. For G̃ = Spin(3)2 × Spin(5), we set h1, h2, h3, h4 equal to
(












c(1, 3), c(1, 3), 1
)
,
respectively. Finally, for G̃ = Spin(3)2 × Spin(7), set h1, h2, h3, h4, h5 equal to
(
















c(1, 3), 1, c(2, 5)
)
,







intersection ∩li=1CḠ(di) consists of diagonal matrices in Ḡ, CG(H) is finite as well.
Case: m = 4. Then, G̃ = Spin(3)4 and
µ = (Z/2Z)(−1,−1, 1, 1)× (Z/2Z)(1,−1,−1, 1)× (Z/2Z)(1, 1,−1,−1).
We set generators h1, h2, h3, h4, h5 equal to
(
















c(1, 3), c(1, 3), c(1, 3), c(1, 3))
)
,
respectively. Then, H =
⊕5
i=1(Z/2Z)h̄i and the centralizer ∩
5
i=1CḠ(di) consists of
diagonal matrices in Ḡ, thus CG(H) is finite. 
We show the lower bound in Lemma 5.7 is sharp in the following two cases, which
is the second main result of this section.
Proposition 5.9. Let G = (Spin(3)× Spin(5))/µ or (Spin(3)× Spin(7))/µ over
F , where µ is the diagonal central subgroup. Then, ed(G) = 4.
Proof. By Lemma 5.7, it suffices to show that ed(G) ≤ 4 for both groups G.
Case: G = (Spin(3)×Spin(5))/µ. Let Gred = (GL(2)×GSp(4))/µ, where GSp(4)
denotes the group of symplectic similitudes. Then, by [1, Lemma 6.6] we have
H1(K,Gred) = {
(
(Q1, γ), (Q2 ⊗Q3, σ)
)
| Q1 +Q2 +Q3 = 0 in Br(K)}
for some quaternion K-algebras Qi, 1 ≤ i ≤ 3, where γ denotes the canonical involu-
tion on Q1 and σ denotes a symplectic involution on Q2 ⊗Q3. As Q1 +Q2 +Q3 = 0
in Br(K), by a theorem of Albert we obtain
Q1 = (a, b), Q2 = (a, c), and Q3 = (a, bc)
for some a, b, c ∈ K×. Hence, by [21, Proposition] we have
(Q2 ⊗Q3, σ) ≃ (M2(K)⊗Q1, adq ⊗γ)
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for some adjoint involution adq on the matrix algebra M2(K) with respect to a 2-
dimensional quadratic form q. Therefore, ed(Gred) ≤ 3. Hence, by Lemma 5.2 to-
gether with the exceptional isomorphisms, Γ+(3) ≃ GL(2) and Γ+(5) ≃ GSp(4), we
have ed(G) ≤ 4.
Indeed, as the natural morphism
H1(K,Gred) → H
1(K,GL(2)3/µ′),
where µ′ is a maximal subgroup of (µ2)
3 given by the kernel of the product map
(µ2)
3 → µ2, is surjective for any field extension K/F , ed(Gred) ≥ ed(GL(2)
3/µ′).
By [6, Theorem 1.3 (c)], ed(GL(2)3/µ′) = 3, thus we obtain ed(Gred) = 3.






ρ : G̃ → GL(V ),
where V = V (7) ⊗ V (3). Here, we view Spin(7) as the subgroup of the spin group
Spin(8) of the symmetric bilinear form






on V (7) with respect to a basis e1, . . . , e8, i.e.,
Spin(7) = {a ∈ Spin(8) |χ(a)(e4 − e8) = e4 − e8},
where χ : Spin(8) → SO(8) denotes the vector representation. Let
v := E11 + E52 ∈ V,
where V is identified with the vector space of 7 × 2 matrices and Eij denotes the
matrix with a one in position (i, j) and zeros elsewhere. Then, by [20, Proposition






which is the component of a generic stabilizer in G̃. Let S̃ be the stabilizer of the
point [v] ∈ P(V ) in G̃. As dim(V/G) = 1, the point [v] belongs to the open orbit in
P(V ) and the identity component S̃◦ of S̃ coincides with (13).
Let a = (e1 − e5)(e2 − e6)(e3 − e7)(e4 + e8). Then, a ∈ Spin(7) with a












∈ SL(2), where i denotes a primitive 4th root of 1 and let t = (a, b) ∈
G̃. Then, ρ(t) · v = iv, thus the element t generates µ4 ∈ S̃. Since G̃ preserves a
quartic form [20, Proposition 26], the stabilizer S̃ is generated by the group in (13)
and t, thus
S̃ = (SL(3)×Gm)⋊ µ4.
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Let S denote the stabilizer of the point [v] ∈ P(V ) in G. Then, we have
S = S̃/µ = (SL(3)×Gm)⋊ µ2.
For a field extension K/F , we denote by SL(3)γ and (Gm)γ the twists of SL(3)
and Gm by the 1-cocycle γ ∈ Z
1(K,µ2), respectively. As µ2 acts trivially on the set






thus by [9, Exercise 17.11] we obtain a surjection
(14) H1(K,SO(3)× (Gm)γ × µ2) → H
1(K,S).
Since the twist (Gm)γ is a norm one torus of rank 1 for a quadratic extension, we
have ed((Gm)γ) = 1. As ed(SO(3)) = 2 and ed(µ2) = 1, we have
(15) ed(SO(3)× (Gm)γ × µ2) = 4.
By [9, Theorem 9.3] the natural morphism
H1(K,S) → H1(K,G)
is surjective, thus by (14) and (15) we have ed(G) ≤ ed(S) ≤ 4. 
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